ON RESIDUAL PROPERTIES OF GENERALIZED HYDRA GROUPS 
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Abstract. In this paper, the residual properties of groups defined by basic commutators 
as relations are studied. It is shown that the Hydra groups as well as certain of their 
generalizations and quotients are, in the main, residually torsion-free nilpotent. By way 
of contrast we give an example of a group defined by two basic commutators which is 
not residually torsion-free nilpotent. 



1. Hydra groups 

In a recent paper |3], Dyson and Riley introduced a family of one-relator groups 

G k = (a, b | [a, b,... , bj = 1) (k > 1) 

k 

which they called Hydra groups; here, as usual, if x, y, at, . . . , aj- are elements of a group, 
[x,y] = x^y^xy, x y = y~ l xy and [ai,a 2 , ...,a k } = [[[ai,a 2 ], . . . , a k -i] , a k ] . 

The interest in these Hydra groups stems from the remarkable fact that, for each k > 2, 
their subgroups Hk generated by the elements ba\, . . . , ba k , where a, = [a, b, ...,& ], have 

i-l 

huge distortion. These Hydra groups are infinite cyclic extensions of finitely generated 
free groups and so are seemingly closely related to free groups, although their finitely 
generated subgroups have at most linear distortion. Here we will prove that these Hydra 
groups share a property of free groups: 

Theorem 1.1. For k > 1, the Hydra group 

(a, b | [a, b, . . . , b] — 1) 




is residually torsion-free nilpotent, i.e., the intersection of their normal subgroups with 
torsion-free nilpotent quotients, is trivial. 

This result is essentially contained in [2j. Since we will need to make use of a proof of 
Theorem 1.1, we will provide a such proof here. 

2. Generalizations of Hydra groups 

The Hydra groups can be viewed as special cases of one-relator groups defined by left- 
normed commutators of various weights in disjoint sets of variables. Our main result here 
is the proof of the following theorem, which is a considerable generalization of Theorem 
1.1. 
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Theorem 2.1. Let X and Y be disjoint sets of variables and let u be an element in the 
free group on X and v and element in the free group on Y . If u and v are not proper 
powers, then 

(X,Y | [u,v^v) = l) 

k 

is residually a finite p-group for every choice of the prime p. 

The following theorem j3] is a special case of Theorem 2.1 which we will also need in 
the proof of Theorem 2.1, which because of its special nature, takes on a sharper form. 

Theorem 2.2. 

Let 

G = (x 1 ,...,x n ,t | [w(x u . . . ,x n ),t] = 1) 
If w is not a proper power, then G is residually free, i.e., the intersection of the normal 
subgroups of G with free quotients is trivial. 

There are a number of variations of Theorem 2.1 which involve certain quotients of the 
Hydra groups, which consist of groups defined by more than a single relation. 

Here is a sample of such variations, followed by two rather surprising examples of some 
similarly defined groups. 

• The groups 

(a, b | [[a, b], [a, b, b, b]} = 1, [a, b, b, 6, b] = 1} 

are residually torsion-free nilpotent. 

• The group 

(a, b | [a, b, b] = [a, b, a, a, a] = 1) 

is not residually torsion-free nilpotent. 

• There exists a finitely-presented group with torsion whose defining relations are 
basic commutators. 

The latter example is perhaps a little surprising. In particular this suggests a question we 
have yet to answer, namely whether a one-relator group defined by a basic commutator 
is residually finite or even residually nilpotent. 

3. Hydra groups are residually torsion-free nilpotent 

We prove here the afore-mentioned 

Theorem 3.1. The groups Gk are residually torsion-free nilpotent for all k > 1. 

We need the following theorem of P. Hall [7]. 

Theorem 3.2 (P. Hall). Let H be a group and K <H a normal nilpotent subgroup of H. 
If H/K and H/[K,K] are nilpotent, then H is nilpotent. 

Proof. We construct a tower of torsion free nilpotent quotient groups Hi of Gk, i > 2, 
such that 

n^kerjGfc -> H t } = {1}. 
First observe that, by a standard argument using the Reidemeister-Schreier algorithm, 
we have the short exact sequence 

l^F k ^G k ^Z^l (3.1) 
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where Fk is the normal subgroup of G k generated by {a, a b , . . . , a bL J }. Fk is free on its 
given generators and G/Fk is infinite cyclic and generated by the image of b. 
Let 

Hi = G k hi(F k ). (3.2) 

We claim the groups Hi meet our criterion. Since C\i 7 i{F k ) = {1}, the intersection 
flj>2 ker{Gfe — > H^} is trivial. Furthermore, the groups ifj are torsion free, since the 
groups Ffg/j^Fff) are torsion-free (see e.g., [11J) It remains to show that each H is nilpo- 
tent. Consider the free generating set for Ff./ 7i {F k ) given by the images of 

ci =a, c 2 = [a,b], ...,cj = [a,b^^bj, j = 1, . . . , k. 

i-i 

The cyclic subgroup generated by the image of b acts on these generators as follows: 



ci i y cic 2 (3.3) 

: (3.4) 

c fc _i i y Ck-iCk (3.5) 

c fc h-)> c k (3.6) 



The quotient group H 2 has the following presentation, where again we abuse notation and 
identify the various images of the elements of Gk with the elements themselves: 

H 2 = (b, d,...,c k | [ci, Cj] = [c fc , b] = 1, [ci, b] = c i+1 , i < k). 

H 2 is nilpotent of class k. Applying Hall's Theorem 13. 2\ with 

H = Hi and K = F k /^(F k ) 

we conclude that 

Hi = F k / 7i {F k ) x Z 

is nilpotent, proving the theorem. □ 

4. A RESIDUAL PROPERTY OF SOME GENERALIZATIONS OF THE HYDRA GROUP 

In this section we will prove the following residual property of a generalization of the 
Hydra groups. 

Theorem 4.1. \2.1\ Let F{X) be the free group on X and let F(Y) be the free group on 
Y . Furthermore let u G F(X), v 6 F(Y) and suppose that neither element is a proper 
power. Then the group 

V k (u,v) := (X,Y | [u,v 1 _^ = 1) (4.1) 

k 

is residually a finite p-group for every prime p whenever k > 2. 

The proof of Theorem 4.1 depends on the notion of a p-preimage closed subgroup, a 
related theorem and a number of lemmas involving centralizers. 

For a group G, a subgroup H < G is called p-preimage closed in G if 

H = {g G G | for every / : G — > finite p — group, f(g) G f{H)} 

We will need the following results from [10] : 
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Theorem 4.2. 1) (A particular case of Theorem 4-2 in |10] ) Let p be a prime, A, B 
be residually finite p-groups and c G A,d G B are elements of infinite order, such that 
the subgroup (c) is p-preimage closed in A, (d) is p-preimage closed in B. Then the 
amalgamated product A * c =d B is residually finite p-group. 

2) (A particular case of Theorem 3.4 in [1Q\) Let p be a prime and G a residually finite 
p-group. The following assertions about the subgroup H of G are equivalent: (i) if G' is 
a copy of G and H' denotes the subgroup H in G', then G *h=h> G' is residually a finite 
p-group; (ii) subgroup H is p-preimage closed in G. 

Next we need several lemmas about centralizers. To begin with we will need to prove 
that the centralizer of the element a in the Hydra group Gk is generated by a. 

Lemma 4.1. If k > 1, then the centralizer of a G Gk is generated by a. 

Proof. Suppose that [g,a] = 1 in Gj.. Since Gj. = X (t) , g = hb , h G F^,l G Z. 
Adopting the notation used in the proof of Theorem 3.1 we find that, modulo 72 (i^), 

g~ l ag = b~ e ab e = ac e 2 d 

where here d is a product of the images of the elements C3, Consequently, £ = and 

so g G Ffc. Since is free, g is a power of a. □ 

One of the consequences of Lemma 4.1 is the next 

Lemma 4.2. Let k > 2, v G F(Y) an element which is not a proper power and let 

J = (Y, a, b I [a, b, . . . , bj — 1, b — v). 

k 

Then the centralizer of a in J is the cyclic subgroup (a) . 
Proof. Observe that J is an amalgamated product of Gk and F(Y): 

J = G kH =vF(Y). 

Suppose that g lies in the centralizer of a in J. Then g can be written in the form 

9 = e 1 . . . e n , 

where each e« is from one of the factors F(Y) or Gk, and successive e^ei+i come from 
different factors. Since ag = ga and a does not belong to the subgroup generated by b it 
is not hard to see that n = 1. In this case, we have ae\ = e^a. It follows that e\ G Gk in 
which case Lemma 4.1 applies which means that e\ is a power of a as claimed. □ 

The next step in the proof of Theorem 12. II makes use of Theorem 4.2. 

Lemma 4.3. The subgroup (b) is p-preimage closed in Gk- 

Proof. Finitely generated, residually torsion-free nilpotent groups are residually finite p- 
groups for every choice of the prime p [6] . So Gk is residually a finite p-group by Theorem 
13.11 So by Theorem 14.21 2 (b) is p-preimage closed in Gk if and only if the group 

G k := (a,b,c I [a,6^^>] = [c,b^^bj = 1) 

k k 

is residually a finite p-group. In order to prove this, we follow the proof of Theorem 13.11 
Now Gk is the middle of a short exact sequence 

1 -> F 2k -> Gk -> Z -> 1 
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where the free group F 2 k has generators {a, a b , . . . , a b , c, c b , . . . , c b }, and the cyclic 
quotient of G by F 2 k is generated by the image of b. It follows along the same lines as in 
the proof of Theorem 13. 1\ that the group Gk is residually i*2fc/7i(-p2jfc) * Z-group for i > 1, 
and that the groups i*2fc/7i(-^2fc) ^ ^ are torsion-free nilpotent for all % > 1. Hence G/j is 
residually a finite p-group and therefore (6) is p-preimage closed in Gk- □ 

Next we prove the following 

Lemma 4.4. Lei 

J = (Y, a | [a, t>, • -j i v ] = 1); 

fe 

where v is not a proper power in F(Y). Then J is residually a finite p-group for every 
prime p. 

Proof. Observe that J is an amalgamated product: 

J = F(Y) * v=b G k . 

In order to prove that J is residually a finite p-group we again have to appeal to Theorem 
14.21 (1). We have already proved that (b) is p-preimage closed in Gk- Now by Theorem 2.2, 
since v is not a proper power, L = (Y,t \ [t,v] = 1) is residually free. So the subgroup M 
of L generated by Y and t~ x Yt is residually a finite p-group. But M is an amalgamated 
product of two copies of gp(Y) amalgamating gp(v). Hence gp(v) is p-preimage closed in 
gp(Y). It follows that J is residually a finite p-group by Theorem 4.2 (2). □ 

The last step before we come to the proof of theorem 4.1 is 

Lemma 4.5. The subgroup of J generated by a is p-preimage closed in J. 

Proof. Suppose that c G J is such that for every homomorphism / from J into a finite 
p-group f(c) G /((a)). It follows that [c, a] lies in every normal subgroup of J of index a 
power of p. Since J is residually a finite p-group, it follows that [c, a] = 1. So c is a power 
of a since the centralizer of a in J is generated by a. □ 

We are now in position to complete the proof of Theorem 4.1. Present Vk(u,v) as an 
amalgamated product 

V k (u,v) = J* a=u F(X). 

Since J is residually a finite p-group and (a) is p-preimage closed in J, and (u) is p- 
preimage closed in F(X), the group Vk(u, v) is a residually finite p-group by Theorem 14.21 

(!)• 

5. Some quotients of Hydra groups 
We consider next various quotients of the Hydra groups which take the form 
Q(r(a,b)) := (a, b \ r(a,b) = 1, [a, b, . . . , bj = 1) 

k 

where the r(a,b) G F(a,b) are suitably chosen. 

Proposition 5.1. Let L = Gk/ R, for some R < Gk let A be a normal subgroup of L 
generated by aR . If L/A is infinite cyclic, generated by the image of the element b and 
if A is residually torsion-free nilpotent, then L is residually torsion-free nilpotent. 
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Proof. Recall the notation which we used in ( 13. Q : 

G k /F k ~ (b) 

So A = FkR/R. Since A is a residually torsion-free nilpotent quotient of Fk and b acts 
nilpotently on the quotients of Fk on the lower central quotients of Ff., there exists a 
sequence of normal subgroups A > Cj > Cj+i > . . . such that rijCj = {1} such that A/C{ is 
torsion-free nilpotent for all % > 1 and such that the image of 6 acts nilpotently on these 
quotients. This suffices then to ensure that L is residually torsion- free nilpotent. □ 

Proposition 15.11 then allows us to construct some of the examples that we discussed 
above. 



Example. Consider the groups 

(a, b | [[a.b^^.e^^ = 1, [^b^^bj = 1} 

k-2 I k 

where e = [a, b, . . . , bj are residually torsion-free nilpotent for all I > 1. The simplest 
fc-i 

non-nilpotent group of such type is the following: 

(a, b | [[a, b], [a, b, b]] = 1, [a, b, b, b] = 1) 

To show that the above groups satisfy the hypothesis of Proposition 15. 1\ consider the 
generators of the subgroup Fk, given in the proof of Lemma [3. 11 

ci = a, c 2 = [a, b], cj = [a, b^^bj, j = 1, . . . , k. 

j-i 

The action of (b) on these generators is given by ( I3.3p - ()3.6p . Writing the relator [[a, b, ...,& ], 

k-2 

in terms of the generators Ci, . . . , c&, we find that [c^-i, Cfc, . . . , c^ ] and its normal closure in 

Gfc is cyclic. Recall that a free product of residually torsion-free nilpotent groups is resid- 
ually torsion-free nilpotent. The group A = FkR/R (using the notation in Proposition 
15. ip is the free product 

F(ci, . . . , c fe _ 2 ) * (c fc _i, c fc | [c fe _i, c fc , • • • , c fc J = 1) 



which is residually torsion-free nilpotent by Lemma [3. 1[ 
Next we have 



Example. For s > 1, consider the group 

(a, b | [[a, b, . . . , b], [a, b, . . . , b] — 1, [a, b, . . . , b] = 1) 



(5.1; 



s k—1 k 

Again, denoting the images of the q-s as before simply as Cj, we see that the subgroup 
A = F^R/R can be presented in the form 

(ci, . . . , c k | [c i: c k ] = 1, i = l,...,k-l) 

which is isomorphic to the group F(ci, . . . , * (F(ci, . . . , Ck-i) x (c^)), which is clearly 
residually torsion- free nilpotent. Conditions of the Proposition 13.11 are satisfied, hence the 
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group ( 15. ip is residually torsion-free nilpotent. A simple example of a group of this kind 
is 

(a, b | [[a, b], [a, b, b, b}} = 1, [a, b, b, b, b] = 1). 

Remark. Observe that, for k > 1, the groups 

(a, 6 | [a, b, . . . , b, a] = 1, [a, b, . . . ,bj = 1} 
fc-i fe 

are residually nilpotent by the following result from [12] : any central extension of a one- 
relator residually nilpotent group is residually nilpotent. 

6. An EXAMPLE 

As we noted at the outset, we have been unable to determine whether a one- relator 
group defined by a basic commutator is residually torsion-free nilpotent, or residually a 
finite p-group or even residually finite. The best that have managed to find is an example 
of a group defined by two relations, one of which is a basic commutator, which is not even 
residually a finite p-group. 

Theorem 6.1. The group 

G = (a,b | [a, b, b] = [a, b, a, a, a] = 1} 

is not residually torsion-free nilpotent. Moreover, it is not residually a finite p-group if 
p^2. 

Proof. We claim that if w = [a, b, a, a, b, a], then 

w i 77 (l7), w 2 e 77(G). 

This can be proved directly or by appealing to GAP, as the following GAP fragment 
shows: 

gap> F:=FreeGroup(2);; 
a:=F.l;; b:=F.2;; 

gap> G:=F/[ LeftNormedComm([a,b,b]), LeftNormedComm([a,b,a,a,a])];; 
gap> phi:=NqEpimorphismNilpotentQuotient(G,6);; 
gap> aa:=Image(phi,G.l);; 
bb:=Image(phi,G.2);; 

gap> xx:=LeftNormedComm([aa,bb bb,aa]);; 

gap> Order (xx); 

2 

Now we will show that w is a generalized 2-torsion element. That is, for every n > 1, the 
order of w is a power of 2 modulo ^ n {G). 

The Hall-Witt identity together with the second relation implies that 

[a, b, a, a, b, a] b [b, a" 1 , [a, b, a, a]] a = 1 

Hence, 

[a, 6, a, a, 6, a] b [[a, 6], [a, b, a, a]] = 1 (6.1) 
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It follows from the the Hall- Witt identity that 

[a,6,a,oJa > 6]]°" 1 [a- 1 ,[6,a],[o,6,o]] [o ' b] [a,6,[a,6,a]- 1 ,a] [o ' b ' 01 = 1. (6.2) 

and 

[a, b, [a, [a, b])) b ~ 1 [ft -1 , [a, b, a], a}^' 1 [a, [a, b], a' 1 , ft -1 ]" = 1, 

Hence 

[a, [a, b), a-\ 6 _1 ] a =[[a, b, a, a" 1 ] 1 ^ 11 , fe" 1 ]" 1 = 

[[a,6,a,a]~ [a,M U~ 1 ] a = [[a, 6, a, a] _[a,M] , b]~ b ~ la = 
[[a, b, a, a], ^M^M-^M^a = 

[[a,b,a,a},[a,b, a}} d [a,b,a,a,b} [a ' b ' a]d , 

where d = [a, b, a, a] -1 [a, [a, 6]]6 _1 a. The Hall- Witt identity together with fl6.ll) . imply 
that 

[[a, b, a, a], [a, 6, a]] e G] (6.3) 

and therefore 

[a, [a, b],a~ l , & _1 ] a = [a, 6, a, a, 6] [aAa]d mod [(w) G , G] 

We also have 

[a, 6, a, &- 1 ] 0-1 [a -1 , b, [a,b}} b ^ = 1. 

Hence 

[b-\ [a, b, a}} = [b, a, a~\ [a, b]] h ~ la = [[a, b, a} a , [a, b]f> a]b ~ la 

= [a,b,a, [a,b}f' a]b ~ la mod (w) G . 

and therefore, 

[6 -1 , [a, b, a], a ] [aM ^ = [a, b, a, [a, b], ^MjIM^kM- 1 mod ^ w f^ G ] 
We conclude that 

[a, b, [a, [a, 6]]] = [a, 6, a, a, ftpkM* [ a> 6, a, [a, 6], aWjMrtW-'i mod [^ T£ ,)<3 > Q] 
Hence 

[a, 6, [a, [a, 6]]], a] = [[a, b, a, a, b}- [aAa]db [a, b, a, [a, ^'MljlVlt- 1 .!^,"]-^ a ] 

= w[[a, b, a, [a, ^^MjlMli-'akM- 1 ! a ] mod [^)G ; G ] ( 6 4 ) 

Denoting 

h := [a, 6, a, [a, 6]], 
we can reformulate the above equivalence as 

[a, b, [a, [a, b]}}, a] =w mod [(wf ,G][(hf ,G,G}. 

Apply the Witt-Hall identity one more time (here we use the relation [a, b, b] = 1): 

[a, b, a, [a, b},bf' a] [b, [a, b, a}' 1 , [a, b}} [a ' b ' a] = 1. 

The equivalence (16. 4p implies that 

[a,b,a, [a,b},b] G [(w) G , G}[(h) , G , G] 
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That is, we have equivalences 

[h,a]=w mod [(w) G ,G][(h),G,G] 
[h, b] = 1 mod [(w) G , G] [(h) , G, G] 

This implies that, for every n, 

[a, b, [a, [a, b]]],a] = w mod [(w) G , G]^ n (G). 

The second term of the relation (16. 2p lies in [(w) G ,G] by (16. 3p . Now the relations (16. ip 
and (16. 2p imply that, for every n, 

w 2 = [(w) G ,G] ln (G). 

□ 

Remark. Recall that, for a free group on two generators, the seventh term of the lower 
central series is the normal closure of all basic commutators of weight 7,8,9,10 (see [5]). 
It follows from the proof of Theorem 16.11 that the group 

(a, b | [a, b, b] = [a, b, a, a, a] = 1, all basic commutators of weight 7,8,9,10) 

has 2-torsion, namely 

[a, b, a, a, b, a} 2 = 1, [a, b, a, a, b, a] ^ 1. 
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